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Abstract. We investigate surfaces of general type S with χ(S) = 1 that admit a fibration f : S →
P1 whose general fiber is a hyperelliptic curve of genus 3. We show that the bicanonical map of S
factors through a generically finite rational map of degree two onto a ruled surface.
Together with a previous result, this yields a characterization of surfaces with χ = 1 whose
bicanonical map factors through a 2 : 1 map onto a ruled surface in terms of the existence of
fibrations of small genus.
Introduction
The classification problem for algebraic surfaces leads naturally to the study of fibrations
f : S → B from a surface onto a smooth curve whose general fiber is a smooth and
connected curve of prescribed genus g. For instance, fibrations with g ≤ 1 are essential
in the Enriques classification.
Let S be a surface of general type, and f : S → B a fibration over a curve. Then
a general fiber of f has genus g ≥ 2. The limit case g = 2 plays a special role in the
classification of surfaces whose bicanonical map ϕ2KS , i.e., the rational map associated
to the linear system |2KS |, is not birational. Indeed, since the restriction of ϕ2KS to a
general fiber of f factors through the bicanonical map of the fiber itself, if g = 2, then
ϕ2KS cannot be birational. Surfaces admitting such a fibration are said to present the
standard case for the nonbirationality of ϕ2KS .
The study of the behavior of the bicanonical map is a useful tool in the classification
of surfaces of general type. By a result of Bombieri in [6] refined by Reider in [25] we
know that, if S is minimal, K2S ≥ 10 and the bicanonical map fails to be birational, then
S presents the standard case. Surfaces with nonbirational bicanonical map not presenting
the standard case have been intensively investigated in the last decade by several authors,
and their classification is rather understood with the exception of the cases when pg =
∗This work was partially supported by bolsa DTI-Institutodo Milenio/CNPq.
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q ≤ 1, cf. [11] and [2] for a survey on this subject, see also [22] and [26] for recent work
on surfaces with pg = q = 1.
Let S be a surface of general type with pg = q ≤ 1. Suppose that the bicanonical
map factors through a 2 : 1 map onto a ruled surface and S does not present the standard
case. Then, by [7, Theorem 0.4], there exists a fibration f : S → P1 whose general fiber
is a hyperelliptic curve of genus 3. In the present paper we show the converse, that is,
if S admits a fibration f : S → P1 with general fiber a hyperelliptic curve of genus 3,
then ϕ2KS factors through a double cover of a ruled surface. More precisely, we prove
the following.
Theorem 0.1. Let S be a surface of general type, and f : S → P1 a fibration. If χ(S) =
1 and the general fiber of f is a hyperelliptic curve of genus 3, then one of the following
cases occurs:
(1) the bicanonical map of S factors through the involution induced by the hyperelliptic
involution of the fibers of f ;
(2) pg = q = 1, K2S = 2 and S is minimal.
In particular, the bicanonical map of S factors through a generically finite rational
map S 99K W of degree two onto a ruled surface W . In the first case q(W ) = 0, while
in the second case q(W ) = 1.
An application of Theorem 0.1 is the following characterization of minimal surfaces
with pg = q ≤ 1 whose bicanonical map factors through a generically finite map of
degree two onto a ruled surface in terms of the existence of fibrations of small genus.
Theorem 0.2. Let S˜ be a minimal surface of general type. Suppose that pg = q ≤ 1.
Then the following are equivalent:
(1) the bicanonical map of S˜ factors through a generically finite rational map of degree
two onto a ruled surface;
(2) there exists a birational morphism S → S˜ and a fibration f : S → B over a smooth
curve B of genus b ≤ q such that a general fiber of f is a smooth hyperelliptic curve
of genus g ≤ 3− b.
In particular, by combining this with previous results in [14], [15], [16], [19] and [17],
it follows that the bicanonical map of a minimal surface of general type S˜ with pg = q = 0
and K2
S˜
≥ 6 fails to be birational if and only if there is a fibration f : S˜ → P1 whose
general fiber is a hyperelliptic curve of genus 3 (see Corollary 3.1).
The paper is organized as follows. In Section 1 we gather some facts concerning
involutions, and we fix some notation. In Section 2, which is the core of the paper, we
prove some technical lemmas, and then we break the proof of Theorem 0.1 into three
parts. In Section 3, after finishing the proof of Theorem 0.1, we prove Theorem 0.2 and a
corollary. In the last section we give a list of some known examples of the above situation.
I would like to thank the referee for his/her useful suggestions and remarks.
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0.1 Notation. We work over the field of complex numbers. Given a smooth surface
X , we denote by KX a canonical divisor of X and use the standard notation pg(X) =
h0(KX), q(X) = h1(KX) and χ(X) = pg(X)− q(X) + 1. We use the symbols ∼ and
≡ to denote respectively numerical and linear equivalence of divisors. As usual, a (−n)-
curve on a surface is a smooth rational curve with self intersection −n. An involution on
a variety is an automorphism of order 2.
S will always denote a surface of general type and ϕ : S → S˜ the birational morphism
to its minimal model. For the sake of brevity, we write pg for pg(S) and q for q(S). Note
that pg = pg(S˜) and q = q(S˜).
A fibration is a surjective morphism with connected fibers from a smooth surface onto
a smooth connected curve. By a (hyperelliptic) fibration of genus g we mean a fibration
whose general fiber is a (hyperelliptic) curve of genus g. A fibration is said to be relatively
minimal if the fibers contain no (−1)-curves, and it is said to be smooth if every fiber is
smooth.
Given a variety X and two rational maps h1 : X 99K V1, h2 : X 99K V2, we say that
h2 factors through h1 if either V1 = X and h2 = h2 ◦ h1, or V1 6= X and there exists a
rational map h3 : V1 99K V2 such that h2 = h3 ◦ h1.
For any rational number a, we denote by bac the round-down of a, i.e. the greatest
integer less than or equal to a.
1 Generalities on involutions and setup
We will fix notation and gather some facts concerning involutions. Throughout the present
section we make the following assumption.
Assumption 1.1. Let S be a smooth surface of general type with χ(S) = 1, and let
f : S → P1 be a relatively minimal hyperelliptic fibration of genus 3.
1.1. Let F be a general fiber of f , and denote by σF the hyperelliptic involution on F .
Since f : S → P1 is relatively minimal, there exists an involution σ such that σ|F = σF
for any general fiber F .
Let ϕ : S → S˜ be the birational morphism to the minimal model. Since S˜ is minimal,
σ˜ = ϕ◦σ ◦ϕ−1 is an involution on S˜. Let F˜ = ϕ∗F . Then, since f is relatively minimal,
F is the strict transform of F˜ . In particular if F˜ is smooth then K2
S˜
−K2S = F˜ 2.
1.2. The fixed locus of σ (respectively σ˜) is the union of a, possibly reducible, curve R
(respectively R˜) and a possibly empty finite set {Q1, . . . , Qν} (respectively {P1, . . . , Pν˜})
of isolated points. By the Hurwitz formula for the double cover F → F/σF ∼= P1, we
have R · F = 8. Notice that, by construction, R˜ = ϕ∗R.
1.3. The quotient Y = S/σ (respectively Y˜ = S˜/σ˜) is a surface that is singular at the
images of the Qi’s (respectively Pi’s), which are pairwise distinct nodes (i.e., rational
double points of type A1), and is smooth elsewhere.
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Let p˜i : Sˆ → S˜ be the blow up of P1, . . . , Pν˜ , and E1, . . . , Eν˜ the exceptional curves
of p˜i lying over the points P1, . . . , Pν˜ respectively. Let Σˆ → Y˜ be the minimal desingu-
larization of Y˜ . Then the Ei’s are (−1)-curves, and σˆ = p˜i ◦σ ◦ p˜i−1 is an involution on Sˆ
whose fixed locus is the smooth curve Rˆ = p˜i∗R˜+
∑
Ei. The quotient Sˆ/σˆ is isomorphic
to Σˆ, and we have a commutative diagram
Sˆ
ρˆ

p˜i // S˜

Σˆ // Y˜
(1.1)
where ρˆ : Sˆ → Σˆ ∼= Sˆ/σˆ is the projection to the quotient. Hence ρˆ is a double cover
branched along the smooth curve Bˆ = ρˆ(Rˆ), and Bˆ ∈ |2∆ˆ| for some ∆ˆ ∈ Pic(Σˆ).
Let Fˆ be the strict transform of F˜ on Sˆ. Then the image of Fˆ on Σˆ is a curve birational
to F/σF ∼= P1, and so Σˆ is a rational surface.
1.4. Let X be a surface of general type, ϕ2KX : X 99K X[2] its bicanonical map, and
τ an involution on X . We say that the bicanonical map ϕ2KX of X factors through τ if
ϕ2KX = ϕ2KX ◦ τ . We will use the following
Proposition 1.2 (cf. [7, Proposition 1.8]). Let S˜, σ˜ and Σˆ be as in 1.1–1.3. Then
ν˜ = K2
S˜
− 2χ(S˜) + 6χ(Σˆ)− 2h0(2KΣˆ + ∆ˆ), (1.2)
ν˜ = R˜ ·KS˜ − 4χ(S˜) + 8χ(Σˆ), (1.3)
and the bicanonical map of S˜ factors through σ˜ if and only if h0(2KΣˆ + ∆ˆ) = 0.
1.5 Canonical resolution. Let the notation be as above. Given a birational morphism
ψ : Σˆ→ Σ, let B := ψ∗Bˆ and ∆ = ψ∗∆ˆ. Notice that B ∈ |2∆|. Set d := K2Σ −K2Σˆ.
Suppose that ψ is not an isomorphism. Then, by [7, Proposition 1.6], B is a singular
curve and Sˆ is the canonical resolution of the double cover of Σ branched along B. Set
Σ0 = Σ and for each i ∈ {1, . . . , d} let ψi : Σi → Σi−1 be the blow up at a point qi−1
so that ψ = ψ1 ◦ · · · ◦ ψd. Let Ei be the exceptional curve of ψi and denote by E∗i its pull
back to Σˆ. Set B0 = B and, having defined Bi−1 ⊂ Σi−1, define
Bi = ψ∗iBi−1 − 2
⌊mi−1
2
⌋
Ei, for i ≥ 1,
wheremi−1 is the multiplicity at qi−1 ofBi−1. Thenmi ≥ 2 for every i ≥ 0 and we have
Bˆ = ψ∗B −
d∑
i=1
2
⌊mi−1
2
⌋
E∗i .
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LetBi−1 be the strict transform ofBi−1 on Σi. Then observe thatBi = Bi−1 ifmi−1 ≡ 0
(mod 2) and Bi = Bi−1 + Ei otherwise. We have
χ(Sˆ) =
1
2
(KΣ + ∆) ·∆ + 2χ(Σ)− 12
∑⌊mi
2
⌋(⌊mi
2
⌋
− 1
)
, and (1.4)
K2
Sˆ
= 2(KΣ + ∆)2 − 2
∑(⌊mi
2
⌋
− 1
)2
. (1.5)
Note that the multiplicity of Bi at any point y ∈ Ei is less than or equal to mi−1 + 1,
and that equality holds if and only if mi−1 ≡ 1 (mod 2) and Bi−1 has multiplicity mi−1
at y.
Definition 1.3. If mi−1 = k is odd (and hence≥ 3) and Bi = Bi−1 +Ei has multiplicity
mi−1 + 1 at a point y lying on Ei, then we say that B has a [k, k]-point at qi−1. Since
B is smooth, without loss of generality we may, and we shall, choose the ψi’s so that if
B has a [k, k]-point at qi−1, then qi is the point lying on Ei where Bi = Bi−1 + Ei has
multiplicity k + 1.
If B does not have a [k, k]-point at qi nor at qi−1, we say that B has a [k′]-point at qi,
where k′ = mi if mi ≡ 0 (mod 2) and k′ = mi − 1 otherwise.
Set a = (a2, a3, a4, . . . ), where ak is the number of [k]-points if k ≡ 0 (mod 2) and
the number of [k, k]-points if k ≡ 1 (mod 2).
Since B is smooth and mi ≥ 2, it is straightforward to see that
d =
∑
r≥1
(2a2r+1 + a2r). (1.6)
1.6. Suppose that ϕ : S → S˜ is an isomorphism. Then F˜ = F and Fˆ = pi∗F . The
composite morphism fˆ = f ◦ pi : Sˆ → P1 yields a fibration whose general fiber is Fˆ .
Let Γˆ = ρˆ(Fˆ ) ⊂ Σˆ. Then Γˆ is a smooth rational curve and hˆ = fˆ ◦ ρˆ−1 : Σˆ → P1 is a
fibration whose general fiber is Γˆ, i.e., Σˆ is a rational ruled surface.
By [29, Lemma 6] there exists a birational morphism ψ : Σˆ → Σ such that Σ is
geometrically ruled and the following holds.
(i) Γ = ψ∗Γˆ is a ruling of Σ and Γ ·B = 8, where B = ψ∗Bˆ.
(ii) ak = 0 if k ≥ 6 (cf. 1.5 and Definition 1.3), i.e., B has at most [5, 5]-points and
a = (a2, a3, a4, a5).
(iii) If B has a [5, 5]-point at qi then ψ1 ◦ · · · ◦ ψi : Σi → Σ is an isomorphism in a
neighborhood of qi, and the ruling of Σ through the image of qi is a component of
B.
Lemma 1.4 (cf. [29, Lemma 7 and Formula (3), p. 606]). Let the notation be as above
and suppose that ϕ : S → S˜ is an isomorphism.
Let ψ : Σˆ → Σ be a birational morphism to a geometrically ruled surface satisfying
(i), (ii) and (iii) above. Then
ν˜ = K2
S˜
−K2
Sˆ
= 2a5 + a3.
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2 Hyperelliptic fibrations of genus 3 and bicanonical map
Throughout the present section we assume S and f : S → P1 as in Assumption 1.1, and
use the setup and notation introduced in 1.1, 1.2, 1.3.
We start by providing some information on S˜ and the self-intersection of F˜ = ϕ∗F .
Lemma 2.1. Under the current assumptions, one of the following occurs:
(1) F˜ 2 = 4, F˜ has a double point and 2KS˜ ∼ F˜ . In this case q = 0.
(2) F˜ 2 = 2, F˜ is smooth and K2
S˜
= 1. In this case q = 0.
(3) F˜ 2 = 2, F is smooth and KS˜ ∼ F˜ . In this case q = 1.
(4) F˜ 2 ≤ 1 and F˜ is smooth. In this case q ≤ 2.
Proof. Since the general fiber of f : S → P1 has genus 3, by [5, Lemme] we have q ≤ 3,
and equality holds if and only if S is birationally equivalent to F × P1. Thus q ≤ 2.
If F˜ 2 ≤ 1, then F˜ is clearly smooth. Assume F˜ 2 ≥ 2. Then ϕ : S → S˜ is the blow up
at n ≥ 1 points x1, . . . , xn, and F is the strict transform of F˜ . Let µi be the multiplicity
of F˜ at xi. Then µi ≥ 1, and we have
4 = F ·KS = F˜ ·KS˜ +
∑
µi >
∑
µi, (2.1)
because S˜ is minimal of general type and h0(F˜ ) ≥ 2. Note that∑µi ≥ 2. Therefore, by
the algebraic index theorem, we get
4 ≥ (4−
∑
µi)2 = (F˜ ·KS˜)2 ≥ F˜ 2 ·K2S˜ ≥ F˜ 2. (2.2)
Suppose that F˜ is singular. Then we have F˜ 2 ≥ 4. Hence (2.2) yields F˜ 2 = 4,
K2
S˜
= 1 and F˜ ∼ 2KS˜ . By [12, The´ore`me 6.1], any minimal surface of general type X
with q(X) > 0 satisfies K2X ≥ 2q(X). Thus q = 0 and we have Case (1).
Now suppose that F˜ is smooth. Then, by (2.2) and the adjunction formula, we get
F˜ 2 = 2 and K2
S˜
≤ 2, and equality holds if and only if F˜ ∼ KS˜ . As before, K2S˜ = 1
yields q = 0 and we have Case (2).
Suppose K2
S˜
= 2. If q ≥ 1, then 2 = K2
S˜
≥ 2q (loc.cit.) yields q = 1. Assume
q = 0. Then η = F˜ − KS˜ defines a nonzero torsion element in Pic(S˜). An obvious
calculation yields h1(KS˜ + η) > 0, implying that the e´tale cover Y → S˜ associated to
η has q(Y ) > 0. This contradicts [3, Corollaire 5.8]. Therefore q = 1 and we have
Case (3). 2
We will proceed by considering three distinct situations: the first one is q > 1, the
second one is F˜ 2 > 0, and the final is that in which q ≤ 1 and F˜ 2 = 0.
2.1. In this section we deal with the cases q > 1 and F˜ 2 > 0.
Proposition 2.2. Suppose q > 1. Then
(1) pg = q = 2 and K2S = K
2
S˜
= 8,
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(2) the Albanese morphism of S˜ is a smooth and isotrivial fibration of genus 2,
(3) the bicanonical map of S˜ factors through σ˜.
Proof. By Lemma 2.1 we have q = 2 and K2
S˜
−K2S = F˜ 2 ∈ {0, 1}. Let A = Alb(S˜) be
the Albanese variety of S. Then A is an abelian surface and so, by [21, Theorem 1 and
Remark 1], any linear system onA contains only a finite number of elliptic or hyperelliptic
curves. It follows that the Albanese morphism α : S˜ → A of S˜ is not surjective, and so it
yields a fibration over a smooth curve of genus 2 = q(S˜).
Let m be the genus of a general fiber of α. Since S˜ is of general type, m ≥ 2 and,
by [5, Corollaire], we have 8(m − 1) ≤ K2
S˜
. Moreover, by Miyaoka–Yau’s inequality,
K2
S˜
≤ 9χ(S˜). Thus m = 2 and 8 ≤ K2
S˜
≤ 9. By [28, Corollaire, p. 18] a surface X
fibered by curves of genus 2 satisfies K2X ≤ 8χ(X), and equality holds if and only if the
fibration is smooth and isotrivial. Hence K2
S˜
= 8, and the Albanese morphism of S˜ is a
smooth and isotrivial fibration of genus 2.
Let C be a fiber of α : S˜ → α(S˜). Suppose that F˜ 2 = 1. Then KS˜ · (F˜ +C) = 5 and
thus, by the algebraic index theorem and K2
S˜
= 8, we obtain (F˜ + C)2 ≤ 3, an obvious
contradiction.
Thus F˜ 2 = 0. Notice that in this case, with the same argument, we obtain KS˜ ∼
F˜ + 2C. Hence F˜ · C = 2 and F˜ 2 = 0. In particular, ϕ : S → S˜ is an isomorphism and
K2S = K
2
S˜
= 8.
In order to prove that the bicanonical map of S˜ factors through the involution σ˜, it
suffices to show that h0(2KΣˆ + ∆ˆ) = 0. Since Σˆ is rational, by (1.2) and (1.3) we have
F˜ · R˜ ≤ (F˜ + 2C) · R˜ = KS˜ · R˜ = K2S˜ − 2h0(2KΣˆ + ∆ˆ) = 8− 2h0(2KΣˆ + ∆ˆ),
and hence, since F˜ · R˜ = F ·R = 8, we get h0(2KΣˆ + ∆ˆ) = 0, as desired. 2
Now we proceed by considering the case F˜ 2 > 0. We begin with the following lemma
which rules out one of the possibilities in Lemma 2.1.
Lemma 2.3. Suppose F˜ 2 > 1. Then q = 0 and K2
S˜
= 1.
Proof. It is enough to show that Case (3) of Lemma 2.1 cannot occur. To get a contradic-
tion, suppose that F˜ 2 = 2 and F˜ ∼ KS˜ . By Proposition 1.2, we have
R˜ ·KS˜ + 4 = ν˜ = K2S˜ + 4− 2h0(2KΣˆ + ∆ˆ) = 6− 2h0(2KΣˆ + ∆ˆ),
which yields R˜ · F˜ = R˜ ·KS˜ ≤ 2.
Let x1, x2 be the base points of ϕ∗|F | ⊆ |F˜ |. Then ϕ = φ1 ◦ φ2, where φ1 : S1 → S˜
is the blow up of x1 and φ2 : S → S1 is the blow up of x2. Let Ei be the exceptional
curve of φi, i = 1, 2, and denote by E1 the strict transform of E1 on S.
Let R be the strict transform of R˜ on S. Since R is reduced and ϕ∗R = R˜, we have
R = R+ a1E1 + a2E2, where ai ∈ {0, 1}, and R · F ≤ R˜ · F˜ ≤ 2. Hence
8 = R · F = R · F + a1E1 · F + a2E2 · F ≤ 2 + a1E1 · F + a2E2 · F,
and thus E1 · F ≥ 2 or E2 · F ≥ 2. But this means that F˜ is singular at x1 or x2, a
contradiction. 2
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Proposition 2.4. Suppose F˜ 2 > 0. Then the bicanonical map of S˜ factors through σ˜.
Proof. In order to prove the claim it is sufficient to show that h0(2KΣˆ + ∆ˆ) = 0.
Suppose K2
S˜
= 1. Then pg = 0 and, since KS˜ is nef, Proposition 1.2 yields 4 ≤
R˜ ·KS˜ + 4 = 5− 2h0(2KΣˆ + ∆ˆ). Thus h0(2KΣˆ + ∆ˆ) = 0.
Now assume K2
S˜
> 1. By Lemma 2.3, we have F˜ 2 = 1 and so, by the adjunction
formula, KS˜ · F˜ = 3. To get a contradiction, suppose h0(2KΣˆ + ∆ˆ) > 0. Let
Dˆ ∈ |ρ∗(2KΣˆ + ∆ˆ)| = |2ρ∗(KΣˆ + ∆ˆ)− ρ∗∆ˆ| = |2KSˆ − Rˆ|. (2.3)
The divisor D = pi∗Dˆ is effective and linearly equivalent to 2KS˜ − R˜ = p˜i∗(2KSˆ − Rˆ)
and so, since ϕ∗|F | ⊆ |F˜ | has no fixed component, D · F˜ ≥ 0. Recall that R˜ = ϕ∗R.
Since F˜ 2 = 1, ϕ : S → S˜ is the blow up of the unique base point of ϕ∗|F |. Let E be
the exceptional curve of ϕ. Then
R˜ · F˜ = ϕ∗R · F˜ = R · ϕ∗F˜ = R · (F + E) = 8 +R · E.
Since R is reduced, we have R · E ≥ −1 and so R˜ · F˜ ≥ 7. But then we get
D · F˜ = 2KS˜ · F˜ − R˜ · F˜ = 6− R˜ · F˜ < 0,
a contradiction. Therefore h0(2KΣˆ + ∆ˆ) = 0. 2
2.2 The case F˜ 2 = 0. For the rest of the present section we assume F˜ 2 = 0. Notice
that, since f : S → P1 is relatively minimal, ϕ : S → S˜ is an isomorphism. Then we are
in the situation described in 1.6. Let ψ : Σˆ → Σ be a birational morphism as in 1.6, so
that Γˆ = ρˆ(Fˆ ) ∼= P1 and the following holds.
(i) Γ = ψ∗Γˆ is a ruling of Σ and Γ ·B = 8, where B = ψ∗Bˆ.
(ii) ak = 0 if k ≥ 6, i.e., B has at most [5, 5]-points and a = (a2, a3, a4, a5).
(iii) If B has a [5, 5]-point at qi then ψ1 ◦ · · · ◦ ψi : Σi → Σ is an isomorphism in a
neighborhood of qi, and the ruling of Σ through the image of qi is a component of
B.
Lemma 2.5. Under the current assumptions, we have 2a5 + a3 = ν˜ ≥ 4.
Proof. Equality 2a5 + a3 = ν˜ follows from Lemma 1.4. As for the inequality, by (1.3)
we have ν˜ = R˜ ·KS˜ + 4, and thus ν˜ ≥ 4, because KS˜ is nef. 2
Lemma 2.6. The fibration f : S → P1 has at least a5 double fibers.
Proof. Suppose a5 ≥ 1. Then B has a [5, 5]-point at, say, qi. Let Γi ⊂ Σi be the pull
back of the fiber through the image of qi. Then Γi is a component of Bi.
Let Γ˜i be the strict transform of Γi on Σi+1. Then Γ˜i ∩ Ei+1 = {qi+1} and Γ˜i + Ei+1
is a component of Bi+1. Let Γˆi be the pull back of Γi to Σˆ, and let Γi, E i+1 be the
strict transforms of Γi and Ei+1 on Σˆ, respectively. Then Γˆi ∈ |Γˆ| and we have Γˆi =
Γi+E i+1 + 2E∗i+2, where Γi+E i+1 is a component of Bˆ. Let Fˆi = ρˆ∗Γˆi be the pull back
of Γˆi to Sˆ. Then Fˆi = 2(ρˆ−1(Γi) + ρˆ−1(E1+1) + ρˆ∗E∗i+2) ∈ |Fˆ |, and the curve pi∗Fˆi is a
double fiber of f : S → P1. 2
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Since Σ is rational, Σ ∼= P(OP1 ⊕ OP1(−e)) for some e ≥ 0. Let C0 ⊂ Σ be a
section with minimal self-intersection. Then C20 = −e and there are a, b ∈ N such that
B ∈ |aC0 + bΓ|. Since B · Γ = 8, we have a = 8, and, since B ∈ |2∆|, b = 2λ for some
λ ∈ N. Recall that KΣ ∈ | − 2C0 − (2 + e)Γ|.
Lemma 2.7. We have
3K2
Sˆ
+ 24 = 2a3 + 2a4 + 2a5, (2.4)
λ = 2e+ a5 +
1
2
K2
Sˆ
+ 5. (2.5)
Proof. Since ak = 0 if k ≥ 6, from (1.4) and (1.5) it follows that
1 = χ(Sˆ) =
1
2
(2C0 + (λ− 2− e)Γ) · (4C0 + λΓ) + 2− 12 (8a5 + 2a4 + 2a3)
= − 6e+ 3λ− 2− 4a5 − a4 − a3,
K2
Sˆ
= 2(2C0 + (λ− 2− e)Γ)2 − 2(5a5 + a4 + a3)
= − 16e+ 8λ− 16− 10a5 − 2a4 − 2a3.
Whence we get 3K2
Sˆ
−8 = −32+2a5 +2a4 +2a3 andK2Sˆ−2 = 2λ−4e−12−2a5,
which lead to (2.4) and (2.5). 2
Recall that fˆ : Sˆ → P1 (respectively hˆ : Σˆ → P1) is the fibration fˆ = f ◦ pi
(respectively hˆ = fˆ ◦ ρˆ−1) whose general fiber is Fˆ (respectively Γˆ). The following
lemma will be useful.
Lemma 2.8. For every s ∈ P1, let γfˆ (s) be the number of irreducible components of the
fiber of fˆ : Sˆ → P1 over s. Then γfˆ (s) = 1 except for a finite number of points s ∈ P1,
and ∑
s∈P1
(γfˆ (s)− 1) ≤ 2pg(Sˆ) + 8−K2Sˆ . (2.6)
Proof. The general fiber of fˆ is smooth by Bertini’s theorem. Then γfˆ (s) = 1 except for
a finite number of points s ∈ P1. By [4, Lemme 2] we have∑
s∈B
(γfˆ (s)− 1) ≤ ρ(Sˆ)− 2,
where ρ(Sˆ) is the dimension of the subspace NS(Sˆ)Q of H2(Sˆ,Q) generated by the
algebraic classes. Since
ρ(Sˆ) ≤ b2(Sˆ)− 2pg(Sˆ) = 10(pg(Sˆ) + 1)− 8q(Sˆ)−K2Sˆ
= 2(pg(Sˆ) + 1) + 8χ(Sˆ)−K2Sˆ ,
where b2(Sˆ) is the second Betti number, we get (2.6). 2
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Let γhˆ(s) be the number of irreducible components of the fiber of hˆ : Σˆ→ P1 over s.
Then γfˆ (s) ≥ γhˆ(s) for every s ∈ P1, and so, by (2.6), we have∑
s∈P1
(γhˆ(s)− 1) ≤
∑
s∈P1
(γfˆ (s)− 1) ≤ 2pg(Sˆ) + 8χ(Sˆ)−K2Sˆ .
On the other hand, we have∑
s∈P1
(γhˆ(s)− 1) = K2Σ −K2Σˆ = d.
Therefore, by (1.6), we get
a2 + 2a3 + a4 + 2a5 = d ≤ 2pg(Sˆ) + 8−K2Sˆ . (2.7)
The following proposition is the key result to handle the case under consideration. In
fact, the proof of Theorem 0.1 in the case when pg = 0 will follow at once from it, and
few possibilities will be left to be considered in the case when pg = 1.
Proposition 2.9. We have
h0(2KΣˆ + ∆ˆ) ≤
2
5
(2 + pg), (2.8)
a4 ≥ 4K2Sˆ + 16− 2pg. (2.9)
Proof. We have ν˜ = a3 + 2a5, d = a2 + 2a3 + a4 + 2a5, and, by (2.4), 3K2Sˆ + 24 =
2a3 + 2a4 + 2a5. Then 3K2Sˆ + 24 ≤ 2d− ν˜, and so, by (2.7), we obtain
3K2
Sˆ
+ 24 ≤ 4pg + 16− 2K2Sˆ − ν˜,
that is
ν˜ ≤ −5K2
Sˆ
+ 4(pg − 2).
By Proposition 1.2, we have K2
Sˆ
= K2S − ν˜ = −4 + 2h0(2KΣˆ + ∆ˆ). Hence
ν˜ ≤ 12 + 4pg − 10h0(2KΣˆ + ∆ˆ),
and thus, since ν˜ ≥ 4 by Lemma 2.5,
h0(2KΣˆ + ∆ˆ) ≤
2
5
(2 + pg),
i.e. (2.8). As for (2.9), by (2.4) and (2.7) we have
a4 ≥ a4 − a2 = 3KSˆ + 24− d ≥ 4K2Sˆ + 16− 2pg.
This completes the proof. 2
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The following is an immediate consequence of the above proposition and Proposi-
tion 1.2.
Proposition 2.10. If pg = 0 and F˜ 2 = 0, then the bicanonical map of S˜ factors through σ˜.
Therefore we are left with the case pg = q = 1. We begin with the following lemma,
which determines the possible values for a = (a2, a3, a4, a5) and K2S˜ when the bicanoni-
cal map of S˜ does not factor through σ˜.
Lemma 2.11. Assume q = 1 and F˜ 2 = 0. Suppose that the bicanonical map of S˜ does
not factor through σ˜. Then h0(2K2
Σˆ
+ ∆ˆ) = 1 and one of the following occurs.
(1) K2
S˜
= 4, a = (0, 0, 6, 3).
(2) K2
S˜
= 3, a = (0, 1, 6, 2).
(3) K2
S˜
= 2, a = (0, 2, 6, 1) or a = (a2, 0, 7, 2) with a2 ≤ 1.
Proof. By Propositions 1.2 and 2.9, we have h0(2K2
Σˆ
+ ∆ˆ) = 1. Thus, by (1.2), we get
K2
Sˆ
= K2
S˜
− ν˜ = −2 and from (2.9) it follows that a4 ≥ 6.
Suppose a4 ≥ 7. Then, by (2.4), a5 + a3 = 9− a4 ≤ 2 and we get
4 ≤ ν˜ = 2a5 + a3 ≤ a5 + 2.
Whence a5 = 2, a3 = 0, a4 = 7 and ν˜ = 4. Therefore K2S˜ = 2 and, by (2.7), a2 ≤ 1.
Suppose a4 = 6. Then, by (2.4), a5 + a3 = 3 and as before we get 1 ≤ a5. Note that,
by (2.7), we have a2 = 0. Hence, either
• a5 = 3, a3 = 0 and K2S = 4, or
• a5 = 2, a3 = 1 and K2S = 3, or
• a5 = 1, a3 = 2 and K2S = 2.
This completes the proof. 2
The next step will be to show that possibilities (1) and (2) of Lemma 2.11 cannot
occur. For this purpose we need to study the behavior of the curve R˜ ⊂ S˜.
Recall that
p˜i∗R˜ = Rˆ−
ν˜∑
i=1
Ei,
and Rˆ ≡ ρˆ∗∆ˆ. Since Rˆ is smooth and theEi’s are (−1)-curves, R˜2 = Rˆ2 + ν˜ = 2∆ˆ2 + ν˜.
On the other hand
∆ˆ ≡ ψ∗(4C0 + λΓ)−
∑⌊mi
2
⌋
E∗i ,
and so, since B has at most [5, 5]-points, we get
∆ˆ2 = −16e+ 8λ−
∑⌊mi
2
⌋2
= −16e+ 8λ− (13a5 + 4a4 + 5a3 + a2).
Thus, by (2.5) and (2.4), we have
∆ˆ2 = −(5a5 + 4a4 + 5a3 + a2) + 32 = −4− a5 − a3 − a2,
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which, by Lemma 2.5, yields
R˜2 = Rˆ2 + ν˜ = Rˆ2 + 2a5 + a3 = 2∆ˆ2 + 2a5 + a3 = −8− a3 − 2a2. (2.10)
Write R˜ =
∑
R˜i +
∑
Zi, where the R˜i’s are irreducible curves of genus gi =
g(R˜i) ≥ 1 and the Zi’s are rational curves. Then, since R˜ is smooth,
KS˜ · R˜+ R˜2 =
∑
(KS˜ · R˜i + R˜2i ) +
∑
(KS˜ · Zi + Z2i ) =
∑
(2gi − 2)− 2µ,
where µ denotes the number of rational curves belonging to R˜. Hence we get
2µ =
∑
(2gi − 2)− R˜2 − R˜ ·KS˜ =
∑
(2gi − 2) + 8 + a3 + 2a2 − R˜ ·KS˜ ,
and thus, by (1.3) and Lemma 2.5,
µ =
∑
gi≥1
(gi − 1) + 6− a5 + a2. (2.11)
We recall that, since S˜ is minimal of general type, Z2i ≤ −2 for any i.
Now we are ready to show that Cases (1) and (2) of Lemma 2.11 cannot occur.
Proposition 2.12. Suppose that q = 1 and K2
S˜
> 2. If F˜ 2 = 0, then the bicanonical map
of S˜ factors through σ˜.
Proof. Suppose to the contrary that the bicanonical map does not factor through σ˜. Then
h0(2KΣˆ + ∆ˆ) = 1 and either Case (1) or Case (2) of Lemma 2.11 occurs.
Case (1). Suppose K2
S˜
= 4. Let Dˆ ∈ |ρˆ∗(2KΣˆ + ∆ˆ)| and D = p˜i∗Dˆ ∈ |2KS˜ − R˜|.
By (2.10) and Proposition 1.2, we have
D2 = 16− 4R˜ ·KS˜ + R˜2 = 0.
Hence, since D · F˜ = (2KS˜ − R˜) · F˜ = 0, D ∼ aF˜ for some non-negative a ∈ Q.
By Lemma 2.11 we have a2 = a3 = 0, a4 = 6 and a5 = 3. Thus, by (2.11), µ ≥ 3.
Let Z1, Z2, Z3 be distinct rational components of R˜. Since R˜ is smooth, we have
aF˜ · Zi = D · Zi = 2KS˜ · Zi − Z2i ≥ 2,
and so F˜ · Zi > 0 for each i = 1, 2, 3.
Now recall that, by Lemma 2.6, f : S˜ = S → P1 has at least a5 = 3 double fibers.
Hence F˜ · Zi ≡ 0 (mod 2) and thus, by Hurwitz formula for the covering Zi → P1
induced by f , we have F˜ · Zi ≥ 4. But then we get
8 = F˜ · R˜ ≥
3∑
i=1
F˜ · Zi ≥ 12,
a contradiction. Therefore this case cannot occur.
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Case (2). Suppose K2
S˜
= 3. By Proposition 1.2, R˜ ·KS˜ = 1. Hence, since KS˜ is nef,
we can write R˜ = Z + M , where M is a smooth irreducible curve with M · KS˜ = 1,
and Zi ·KS˜ = 0 for each component Zi of Z. Notice that the Zi’s are (−2)-curves. By
the algebraic index theorem we have 3M 2 = M 2K2
S˜
≤ 1. Hence, since by adjunction
M 2 = 2g(M)− 2−M ·KS˜ ≥ −3, we get M 2 ∈ {−1,−3}.
By Lemma 2.11 we have a2 = 0, a3 = 1, a4 = 6 and a5 = 2. Thus, by (2.10),
R˜2 = −9 and one of the following occurs.
(†) Z = Z1 + Z2 + Z3 and M is a (−3)-curve,
(‡) Z = Z1 + Z2 + Z3 + Z4 and M is a smooth elliptic curve with M 2 = −1.
In any case we have F˜ ·Zi > 0 for each i. For if F˜ ·Zi = 0, then, since R˜ is smooth,
we get
K2
S˜
(F˜ + R˜− Zi)2 = 3(16 + R˜2 − Z2i ) = 27
and
(F˜ + R˜− Zi) ·KS˜ = (F˜ + R˜) ·KS˜ = 5,
which contradicts the algebraic index theorem.
Note that since f : S˜ = S → P1 has at least a5 = 2 double fibers, F˜ ·C ≡ 0 (mod 2)
for any curve C on S˜. In particular, since F˜ · Zi > 0, we have F˜ · Zi ≥ 2 for every i.
Suppose we are in case (†). Then F˜ ·M = F˜ · R˜ −∑ F˜ · Zi ≤ 2, and so K2S˜(F˜ +
R˜−M)2 = 3(10− 2F˜ ·M) ≥ 18. On the other hand we have (F˜ + R˜−M) ·KS˜ = 4,
contradicting the algebraic index theorem.
Suppose we are in case (‡). Since R˜ · F˜ = 8, we haveM · F˜ = 0 and then ρˆ◦ p˜i−1(M)
is contained in a fiber of Σˆ→ P1. But this is a contradiction. In fact, since M ⊂ R˜ and ρˆ
is finite, ρˆ ◦ p˜i−1(M) is a curve isomorphic to M , and hence elliptic.
Therefore Case (2) of Lemma 2.11 cannot occur. This completes the proof. 2
3 Conclusion
In this section we finish the proof of Theorem 0.1 and establish some consequences of it,
such as Theorem 0.2.
Proof of Theorem 0.1. Let ϕ2KS (respectively ϕ2KS˜ ) be the bicanonical map of S (re-
spectively S˜).
Since ϕ : S → S˜ is a birational morphism, ϕ2KS = ϕ2KS˜ ◦ϕ and so, by the definition
of σ˜, we have thatϕ2KS factors through σ if and only ifϕ2KS˜ factors through σ˜. Therefore
the first part of Theorem 0.1 follows from Propositions 2.2, 2.4 and 2.12.
As for the last claim, suppose first that pg 6= 1 orK2S˜ 6= 2. Then ϕ2KS factors through
the quotient map S → S/σ and, since F/σF ∼= P1, S/σ is birational to a smooth rational
ruled surface W . Hence ϕ2KS factors through the 2 : 1 induced map S 99KW .
Suppose now that q = 1 and K2
S˜
= 2. Then, by [13, Theorem 5.1], the Albanese
morphism of S˜ is a fibration α : S˜ → Alb(S˜) of genus two over an elliptic curve. Let
τ ∈ Aut(S˜) induced by the hyperelliptic involution of the general fibers of α. Then
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ϕ2KS factors through the double cover S → S/τ . Since S/τ is birational to a smooth
ruled surface W with q(W ) = 1, we are done. 2
Proof of Theorem 0.2. Suppose that the bicanonical map of S˜ factors through a generi-
cally finite map of degree two onto a ruled surface. By [7, Theorem 0.4], either S˜ presents
the standard case, or there exist a birational morphism ϕ : S → S˜ and a hyperelliptic fi-
bration f : S → P1 of genus 3. If S˜ presents the standard case, there is a fibration S → B
of genus 2 and a birational morphism ϕ : S → S˜. Since B has genus b ≤ q(S) = q(S˜),
we are done.
As for the converse, let g be the genus of a general fiber of f : S → B. If g = 3, the
claim follows from Theorem 0.1. Whereas if g = 2, it is well known that the bicanonical
map factors through a double cover onto a ruled surface. 2
The following corollary is a characterization of minimal surfaces with pg = 0,K2 ≥ 6
and nonbirational bicanonical map.
Corollary 3.1. Let S˜ be a minimal surface of general type with pg(S˜) = 0. Assume that
K2
S˜
≥ 6. Then the following are equivalent.
(1) The bicanonical map of S˜ is nonbirational.
(2) There exists a fibration f : S˜ → P1 whose general fiber is a smooth hyperelliptic
curve of genus 3.
Proof. The implication (2) ⇒ (1) follows from Theorem 0.1. Implication (1) ⇒ (2) is
proved by M. Mendes Lopes and R. Pardini in the following papers, [14], [15], [16], [19]
and [17]. 2
4 The examples
There exist several examples in the literature of surfaces of general type with pg = q.
All the examples below have already appeared in literature. We will only describe briefly
the construction, explaining how one recovers the hyperelliptic fibration f : S → P1 of
genus 3. For the details we refer to the original papers where they have been presented.
Surfaces with pg = q = 0.
4.1 Burniat’s examples. ([8], cf. also [20]) These are minimal smooth models of bi-
double covers of P2, with K2
S˜
= 6 −m, 0 ≤ m ≤ 4. It can be easily checked that these
surfaces have an hyperelliptic fibration of genus 3.
4.2 Numerical Godeaux surfaces. There are several example of numerical Godeaux
surfaces, i.e. minimal surfaces of general type with pg = q = 0 and K2S˜ = 1. An
example of such a surface admitting a hyperelliptic fibration of genus 3 over P1 has been
constructed in [9]. This is the smooth minimal model of the double cover of P2 branched
along a reduced curve B of degree 14 with certain singularities. Without entering in deep
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details about the singularities of B, we just mention that B has multiplicity 6 at a point
p ∈ P2. Then the pencil of lines through p pulls back to S˜ to a pencil of hyperelliptic
curves of genus 3.
4.3 Mendes Lopes and Pardini’s examples. M. Mendes Lopes and R. Pardini studied
in [14] minimal surfaces of general type with pg(S˜) = 0, K2S˜ = 7, 8, and nonbirational
bicanonical map. Among other things, they constructed examples of these surfaces, show-
ing that they admit a fibration over P1 with general fiber a hyperelliptic curve of genus 3.
Surfaces with pg = q = 1.
4.4 Stagnaro’s example. E. Stagnaro constructs in [27, Example 2] a minimal surface
S of general type with pg = q = 1 and K2S˜ = 3. S˜ is the smooth minimal model
of the double cover of P2 branched along a reduced curve B of degree 12 with certain
singularities. We just mention that B has a [5, 5]-point at a point p ∈ P2. Then the pencil
of lines through p pulls back to a pencil of hyperelliptic curves of genus 3. In this case,
denoting by F a general member of the pencil, one has F 2 = 1.
4.5 Polizzi’s examples. Let G = D4 be the dihedral group of order 8, i.e., the group
of symmetries of a square. Let r be the rotation. In [23] and [24] F. Polizzi shows that for
any g ∈ {2, 3, 4, 5} there exist a curve F of genus 3 and a curve C of genus g such that
• G acts on F and C, and hence acts diagonally on the product F × C, i.e. g(x, y) =
(g(x), g(y)), for g ∈ G and (x, y) ∈ F × C,
• F/G (respectively C/G) is a smooth elliptic (respectively rational) curve,
• the minimal desingularization of the quotient (F × C)/G is a minimal surface of
general type S˜ with pg(S˜) = q(S˜) = 1 and K2S˜ = 2g − 2 ∈ {2, 4, 6, 8}.
Let f : S˜ → C/G ∼= P1 and h : S˜ → F/G be the fibrations induced by the two
projections F × C → C and F × C → F . Then the general fiber of f (respectively
h) is isomorphic to F (respectively C). Notice that, since F/G is an elliptic curve and
q(S˜) = 1, h : S˜ → F/G is the Albanese morphism of S˜. The subgroupH ⊂ G generated
by r2 acts on F without fixed points. It follows that F/H is a smooth curve of genus 2,
and hence F is hyperelliptic (cf. [1, Lemma 5.10]).
Polizzi kindly communicated to us that he and E. Mistretta have recently proved the
existence of some surfaces with pg = q = 1 andK2 = 5 ([18]). They show that there exist
smooth curves F,C of genus 3 such that the group G = S3 acts diagonally on the product
F ×C, and F/G (respectively C/G) is a rational (respectively elliptic) curve. Moreover,
the permutation (12) ∈ G acts on F without fixed points. The minimal desigularization
of (F ×C)/G is then a minimal surface of general type S˜ with pg = q = 1 and K2S˜ = 5.
Since the permutation (12) acts freely on F , the general fiber of the induced fibration
f : S → C/G ∼= P1 is a hyperelliptic curve of genus 3. Moreover the induced fibration
S˜ → F/G, whose general fiber is isomorphic to C, is the Albanese morphism of S˜.
4.6 Remark. By Theorem 0.1, the bicanonical map of Polizzi’s examples is nonbira-
tional. Note that, since q = 1, for all of them the Albanese morphism α : S˜ → Alb(S)
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is the only fibration over a curve of positive genus. As we observed, the general fiber of
α is isomorphic to C. It follows that if K2
S˜
∈ {4, 5, 6, 8}, these are examples of surfaces
with nonbirational bicanonical map not presenting the standard case. Indeed C has genus
at least 3 and, since pg(S˜) = q(S˜) = 1 and K2S˜ ≥ 4, there are no fibrations S˜ → P1 of
genus 2 (cf. [28, Corollaire 3, p. 51]).
Surfaces with pg = q = 2.
4.7. In [11, Example 3.13 (c), p. 71] Ciliberto observed that a surface with pg = q = 2
whose Albanese morphism is not surjective can be constructed as follows. Consider two
irreducible smooth curves F and C of genus 3 and 2, such that F is the e´tale double cover
of a smooth curve D of genus two. Then G = Z2 acts on both F and C, freely on F ,
so that F/G has genus 2 and C/G is rational. Hence G acts diagonally on the product
F×C, and the action is free. The quotient S˜ = (F×C)/G is a smooth surface of general
type with χ(S˜) = 1. The general fibers of the induced fibrations f : S˜ → C/G ∼= P1
and h : S˜ → F/G ∼= D are respectively isomorphic to F and C. Since D has genus 2,
q(S˜) ≥ 2. Moreover, since F is a double cover of D, it is a hyperelliptic curve of genus 3
(cf. [1, Lemma 5.10]). Then pg = q = 2 and K2S˜ = 8.
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